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Abstract 

Wind is a major ecological factor for plants and a major economical factor for forestry. Mechanical 
analyses have revealed that the multimodal dynamic behavior of trees is central to wind – tree 
interactions. Moreover, the trunk and branches influence dynamic modes, both in frequency and 
location. Because of the complexity of tree architecture, finite element models (FEMs) have been used 
to analyze such dynamics. However, these models require detailed geometric and architectural data 
and are tree-specific. In this work, closed-form scaling laws for modal characteristics were derived 
from the dimensional analysis of idealized fractal trees that sketched the major architectural and 
allometrical regularities of real trees [16]. These scaling laws were compared to three-dimensional 
FEM modal analyses of two completely digitized trees with maximal architectural contrast. Despite 
their simplifying hypotheses, the models explained most of the spatiotemporal characteristics of 
modes that involved the trunk and branches, especially for sympodial trees. These scaling laws reduce 
the tree to (1) a fundamental frequency and (2) one architectural and three biometrical parameters. 
They also give quantitative insights into the possible biological control of wind excitability of trees 
through architecture and allometries. It is shown that the mechanical design of tree depends on 
branching symmetries and allometries, and is likely to be controlled through thigmomorphogenesis. 

Introduction 

Wind – tree interaction is a major concern for the management of forest and urban trees because 
windthrow and windbreak result in substantial economical costs and potential human risks [6, 9]. 
Moreover, mechanosensing by trees of wind-induced strains [2] and induced thigmomorphogenetic 
responses are fundamental issues in understanding how trees can control their susceptibility to wind 
hazard and acclimate to their wind climate. Over the last decades, time-dependent dynamic effects 
have been found to play a major part in wind deformations and windbreaks [10]. A central question to 
be investigated is then obviously the influence of branched architecture and tree geometry on the 
dynamics of trees and the potential biological control of tree resistance to wind through the 
morphological development of the tree. 

The oscillatory elastic behavior of the structure is driven by the exchange between two forms of the 
internal mechanical energy: (1) kinetic energy and (2) elastic-strain potential energy [8]. This 
oscillatory elastic behavior can be analyzed as the superposition of distinct modes of deformation 
through modal analysis. Each mode, numbered j, is an eigen form of oscillatory exchange between 
kinetic energy and elastic-strain potential energy [8]. The mode j is defined by the modal deformation 
Φj (the displacement vector field defining the shape of the deformed tree), modal frequency fj. 

A few authors have used modal analysis on trees [4, 12, 17]. All have concluded that modes 
involving significant branch deformation could rank in between modes deforming mainly the trunk [4, 
17]. [9] also showed that the measured frequency spectra of the responses under wind excitation of 
four trees were also significantly dependent on the branching system. 
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In view of such complex effects, it may seem that only detailed finite element models (FEM) of the 
three-dimensional (3D) architecture of trees can be used [12, 17]. Such simulation studies provide a 
limited perspective for generality. The geometry of trees, however, has in most cases some 
architectural symmetry related to the branching pattern (monopodial vs. sympodial growth) and spatial 
biometrical regularities — such as the allometry law for slenderness [11]. The geometry of a tree can 
thus be approximately summarized using a few parameters. Moreover, the setting of some of these 
parameters is controlled through thigmomorphogenetic processes [13]. But the issue of whether such 
regularities can be reflected in general scaling laws for modal characteristics has not been addressed 
yet. The hypothesis here is that simple scaling laws should occur. If they were to exist, these laws 
would make the studies of tree dynamics easier and give insights into the possible biological control of 
the overall tree dynamics excitability. 

The aims of the present paper are thus (1) to explore the respective role of the architecture and 
allometry parameters on modal characteristics and (2) to assess whether more generic scaling laws, 
relating tree multimodal dynamics and architectural and geometrical parameters, can be defined and to 
discuss their biological significance. In the first section, the modal characteristics of an extensively 
digitized 3D model are analyzed. Then in the second section, idealized fractal tree models are defined 
to explore the influence of biometrical regularities and branching patterns on the modal characteristics 
of a tree. Scaling laws between the successive modes of a tree based on the global parameters 
characterizing architecture and slenderness are then derived in these idealized trees. Finally, in the 
third section, we show that walnut modal characteristics can be approximated using these scaling laws, 
so that the general multimodal behavior of trees can be reduced as a first approximation to (1) the first 
mode and to (2) general scaling laws for higher modes. The same procedure, applied on a pine tree 
with a very distinguished architecture, is presented in [16]. 

Modal analysis of a walnut 

Material and methods 

A 20-yr-old walnut tree ( Juglans regia L.), Fig. 1, described in [18], is considered. It was 7.9m 
high, 18cm in diameter at breast height (dbh), and had a sympodial branching pattern and eight orders 
of branching. The geometry of the tree (positions, orientations, diameters of the stem segments, and 
the topology of branching points) is known in great detail through 3D magnetic digitizing [18]. 
Because our central concern was on the effects of branch architecture and allometry, the tree is 
analyzed here without considering leaves. 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1. Geometry of a walnut tree (from [18]). 
 
In slender structures such as trees, the beam theory applies [14], and modal deformations involve 

mainly bending and torsion. The mechanical model used was thus based on representing each branch 
segment as a beam, assumed to be circular, with a variable diameter along the beam (taper) when 
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available. Connections between branch segments were set as rigid. The root anchorage was modeled 
as a perfect clamping condition at the tree basis. The green-wood material properties (density ρ, 
Young modulus E, and Poisson ratio ν) were assumed to be uniform over all branches. Their values 
were estimated using Eq. 1 in [5]. Thus E=11.3GPa, ρ=805kg.m-3, and ν=0.38. A finite element 
representation of the tree was built using the CASTEM v.3M software. The stiffness and the mass 
matrices of the finite element formulation were then computed. By solving the equations for free 
motions using these matrices, modes were fully defined. 

Results 

The first 25 modes were found in the range between 1.4 and 2.6 Hz, Fig 2. A small but clear 
frequency gap (~ +0.4 Hz) occurred between the first two modes and the following ones. Then modal 
frequencies continued to increase with mode number but at a smaller rate. 

These modes can be classified according to their modal deformation Φj (Fig. 2B). The first group 
of modes, labeled I, displayed a bending deformation mainly in the trunk basis. This resulted in a 
lateral displacement of the upper part of the bole mostly through rigid-body rotational effect, as 
sketched in Fig. 2B. In other words, deformations occurred mostly in the trunk up to the crotch, and 
the branches swayed like rigid bodies. Group I included two modes, corresponded to the bending in 
the x and y direction, respectively, with identical frequencies of ~1.4 Hz. The second group, labeled II, 
corresponded to deformations mainly located on first-order branches, with mostly rigid-body 
displacements of the branches of higher orders. Because there were six main branches bending in the x 
and y directions, respectively, this second group included 12 distinct modes, each one with different 
contributions of the deformation of these branches (modes 3–14). The third group, labeled III, 
corresponded to modes 15–25 with deformations mainly localized on third order branches. 

Modal frequencies were concentrated in a small frequency range. With frequencies of 1 Hz order of 
magnitude and ~10 modes per Hz, the frequency spacing of the modes was typically 0.1 Hz. 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2. (A) Mode frequencies of the walnut tree classified in terms of main localization of bending 
deformations: I, in the trunk; II, in 2nd branches; III, in 3rd branches. (B) Sketches of the mode deformations. 

Theoretical considerations: Scaling laws in idealized trees 

To explore the respective effects of tree architecture and allometry on modal characteristics, we 
defined idealized fractal trees. Two different fractal models were built. The first model tree is inspired 
from the Leeuwenberg architectural model and will be referred to as “the sympodial tree” in the 
following. At each branching point, the sympodial tree has symmetric lateral segments and no axial 
segment (Fig. 3A). The second model tree is a highly hierarchical tree inspired from the Rauh 
architectural model (e.g., pine) and will be referred to as monopodial. It has an axial segment and 
lateral segments at each branching point (Fig. 3B). Only the case of the sympodial fractal tree, with no 
axial branching, is derived here. More general cases are detailed in [16]. 
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Tree branches were indexed using the numbers of lateral branching upstream in the direction of the 
tree base (Fig. 3). A branch segment of a sympodial tree is indexed N when it has N – 1 lateral 
upstream branch segments. Segments sizes were defined using three parameters (Fig. 3): (1) the 
slenderness coefficient β (Fig. 3C); (2) the lateral branching ratio λ, which define, respectively, the 
ratio between cross-sectional areas of segments after and before branching (Fig. 3D); and (3) the angle 
α of divergence of lateral branches from the axial direction of the parent segment (Fig. 3E). 

The mean slenderness of the population of branch segments of both trees was thus described using 
an allometric law that relates the length L and the diameter D of each segment, in the form D~Lβ, 

whereas the successive diameters at branching points were ),()1,( µ PNPN DD =+ . 

The algorithm for generating a fractal tree, as in Fig. 3, is detailed in [16]. For the sympodial 
idealized tree model (Fig. 3), the relation between successive segments is 
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Thus, the slenderness coefficient, β, also links an axis length to its diameter: β
2
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Finally, in the idealized fractal trees, self-similar subsets of the tree starting from any branch 
bifurcation may be identified, as illustrated in Fig. 4A. These subsets thus follow the same index as 
their basal segment (i.e., N). Because of the assumption of the reiterated self-similar branching law, a 
given subset is identical to the whole tree, except for its length scale, lN , and its diameter scale dN . 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. Examples of model fractal trees and parameters defi ning model trees. (A) Sympodial case, α=12.5° , and 
(B) monopodial case, α=30° ; (C) Branch slenderness coeffi cient, β ; (D) branching ratios, λ and µ ; and(E) 
angle of branching connections, α , illustrated here in the case of two lateral branches. 
 

In a mechanical model of a system in which segments are represented as beams of circular sections, 
two length scales exist. The first one, l, fixes the scale of coordinates of these segments. A second one, 
d, which scales the diameters of these segments, is needed. Moreover, we can assume that material 
properties of the wood (density ρ, Young modulus E, and Poisson ratio ν) are constant within the tree. 
The relation between modal frequencies and these two scales may then be assessed by standard 
dimensional analysis. A modal frequency f depends on lengths, scaled by l, on masses per unit length, 
scaled by ρd2, and on the bending stiffness k, scaled by Ed4, and is written as 

( )42,ρ, EddlFf = . (3) 
But, because a physical law is by nature independent of units, this relation must be expressed in 

terms of dimensionless parameters [15]. Considering the respective dimensions of these four variables 
( f ~ Time−1, ρd2 ~ Mass Length−1, Ed4 ~ Mass Length3 Time−2), all four variables may thus be 
combined in a dimensionless parameter implying: 

( ) ( ) constant. ρ
2/142/122 =−

Eddfl  (4) 
Or equivalently, 
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In a given tree, where an allometric law relates length and diameter of each segment, d/lβ=constant, 
i.e., d ~ lβ . Then, from Eq. 5, the frequencies of modes are expected to follow: 
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Due to the symmetries of the fractal structure, groups of modes can be deduced and classified 

according to their modal deformation. Some modes involve trunk deformation (group I in sympodial 
tree. Other modes involve mainly the bending deformation of the basal branch of all subsets of the 
same order (e.g., modes II for N = 2 subsets, modes III for N = 3 subsets in the sympodial tree), with 
negligible deformation of upstream segments. 

For a sympodial, idealized tree, the modal deformations of three groups of symmetric modes (I, II, 
and III) can easily be deduced from one to the other. Because of the symmetry of the branching 
pattern, a mode of group II is associated with the deformation of a subset with a fixed part at its base. 
Therefore, the modal frequency of the group II of the whole tree can be considered as the frequency of 
a mode of group I of the subset if it is isolated. The dependence of fII on l II and dII should therefore be 
identical to the dependence of fI on l I and dI, hence yielding: 
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Using the relation between successive diameters in a fractal sympodial tree, Eq. 7 yields  

β2

2β

λ

−

=
I

II

f

f
 and 

( )( )
β2

2β1

λ

−−

=
N

I

N

f

f
. (8) 

Therefore, all frequencies can be deduced from the first one, given the allometric parameter β, and 
the area reduction parameter at branching λ. A similar approach has been used to determine the 
evolution of modal mass and modal stiffness, see [16]. 

The scaling laws derived in the preceding section were applied to a particular occurrence of the 
idealized trees. The allometric and geometrical parameters defining itsw geometry are β=3/2, λ=1/2, 
α=20°. 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4. (A) Identification of subsets in the sympodial model tree (encircled in black or gray). (B) Vibration modes 
of the sympodial tree. Modal frequencies, relative to the first one, as a function of the index of the corresponding 
subsets. 

 
Thus the series of frequencies for the sympodial [ N ] idealized trees read as 
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Frequencies of group of modes are seen to increase progressively, Fig. 4B. The organization of 
frequencies is clearly dependent on the architecture, through the parameters λ of area reduction at 
branching, and on the slenderness allometry, through the parameter β. 
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Test of the scaling laws on models of real trees 

The scaling law for modal frequencies (Eq. 9) is then applied to “real” tree model (i.e., the 
sympodial walnut, Fig. 1). The results are then compared with the modal characteristics computed 
using 3D finite element models (see section Modal analysis of a walnut; Fig. 2). 

Orthogonal regressions were applied to estimate slenderness allometric coefficients, β, and 
branching ratios, λ, from the walnut geometry. Slenderness coefficient, β, was estimated from the 
linear orthogonal regression log(d)=β log(l)+k. Lateral branching ratios, λ, was estimated from linear 
orthogonal regression (dN )2 = λ (dN -1)

2. Regression results are reported in Table 1. 
A highly significant, tight allometric relation was found between l and d (Fig. 5), capturing 87% of 

the total variance. The relation between dN +1 and dN was a little bit more biased, but still a highly 
significant λ could be defined. A mean angle of branching, α=20°, was retained. 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5. Biometrical relations in the walnut tree. (a) Allometric relation between length and diameter of branches. 
( — ) Orthogonal regression D~Lβ , with β=1.37. (B) Branches cross-sectional areas before and after a lateral 
branching. ( — ) Orthogonal regression (dN )2 = λ(dN -1)

2 , with λ=0.25. Gray areas in the graphs correspond to 
the 90% confidence level. ( ○ ) measured data from [18]. 
 

Using the parameters corresponding to the real tree (Table 1), we applied the scaling law derived in 
the Theoretical considerations section, then compared the results to the modal characteristics 
computed using the 3D finite element model. Figure 6 displays the frequencies of the three groups of 
modes (I, II, and III, see Fig. 2 and section Modal analysis of a walnut) estimated using the 3D FEM 
vs. the group number N . On the same graph, the dotted lines show the frequencies predicted using Eq. 
9 with the 90% confidence range of parameters as in Table 1. Though the geometry of the real walnut 
is much more complex than that of the idealized fractal sympodial tree, the prediction using the 
scaling laws quite closely brackets the range of modal characteristics of the FEM model. 

Discussion 

Branches are important to the tree dynamics — The detailed FEM modal analysis of an entirely 
digitized tree confirmed and extended previous reports: modes involving significant branch 
deformation could have frequencies very close to — and even rank in between — modes deforming 
mainly the trunk [4, 9, 12, 17] . Although these modes are complex, they can be classified using their 
frequencies and modal deformations. Branch deformation is thus an important aspect of trees 
dynamics whatever the architecture and size [3, 5, 12, 17, 20]. 

Scaling laws can be defined — As hypothesized, and despite the aforementioned complexity of the 
3D architecture and modal structure of real trees, scaling laws based on the assumptions of (1) 
idealized allometric fractal trees and (2) symmetric modes of branches, are able to explain a large part 
of the temporal characteristics of the modes involving the successive orders of branches relative to the 
first mode deforming the trunk (Fig. 6). The distribution of modal characteristics was particularly well 
predicted. The spatial characteristics of modes deduced from scaling laws are discussed in [13]. 

Such scaling law has two major uses. From a methodological and practical point of view, the 
overall dynamics of a complex tree can be reduced to (1) the measurement or estimation of the most 
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Fig. 6. Comparison of the prediction from the scaling law with the finite element results on the tree geometry. 

 
basal mode, which is the easiest to characterize and has been studied or modeled in numerous studies 
[7]; (2) a standard description of the branching mode, i.e., sympodial vs monopodial mode [1]; and (3) 
three simple biometrical parameters that have been measured in many biomechanical and ecological 
studies [11]. This compact description of the overall dynamics of a complex tree is to be compared 
with the extensive work on detailed 3D digitizing [18] followed by complete modal analysis. 

Effects of architecture and biometrical characteristics on modal content: Tuning and 
compartmentalization — Both area reduction ratios and the slenderness coefficient affect the relative 
frequency and the location of modes. For example, in the case of the sympodial tree, variations in λ 
and β both influence the value of the frequency of a given group of modes. It should be noted here that 
both λ and β have been reported to be under similar control of wind mechanoperception through 
thigmomorphogenetic secondary growth responses [21]. Thus, thigmomorphogenetic responses may 
be able to tune the multimodal frequencies range of the whole tree, whatever the genetic specific traits 
of its architecture. 

Last but not least, a very unexpected salient conclusion that is captured by the scaling laws is that 
branching and secondary growth are tuned so that the reduction of cross sectional area at branching 
points induce a clear structural compartmentalization of the modal spatial distribution and a scaling 
similarity between successive modes. Whatever the architecture, modes have been found to be more 
and more local as their modal frequency increases. 

Trees in a forest stand may have more significant shoot abrasion or crown asymmetry. At last, 
competition for resources and photomorphogenetic responses to shade may interact with the 
mechanoperceptive acclimation to wind [5]. But some elements affecting the biomechanical 
significance of multimodal scaling of trees to the response to wind load can already be directly 
discussed from our results. 

Significance of multimodal dynamics and scaling laws to the responses of trees to wind — Wind 
excites trees through the drag force applied to the constitutive elements of the trees, branches, and 
possibly leaves or needles. From surface area considerations, most of the drag thus occurs at in the 
distal, possibly leafy, segments of the tree. All the modes in this study have a common characteristic: 
their larger displacements sits on the extremities of the tree. Therefore, they should reciprocally all be 
excited by a force applied at the extremities, such as the wind-drag force [8]. Moreover, because wind 
spectra usually have a large frequency band overlying most of the modal frequencies of the considered 
modes, several modes may be excited directly by highly fluctuating winds. 

[9, 20] have argued that dynamics including branch deformation with close modal frequencies 
could be beneficial to the tree by enhancing aerodynamic dissipation through a mechanism called 
multiple resonance damping or multiple mass damping. A prerequisite for this mechanism to occur is a 
multimodal behavior of the tree, with high modal density in the frequency range and significant branch 
deformations, exactly what was found here for trees with contrasting architectures. This dense 
multimodal dynamics, a consequence of the branched structure, can then be interpreted as a strategy to 
prevent the trunk from bending excessively until the rupture. 
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Table 1. Slenderness coefficients β, lateral and axial branching ratios µ and λ , respectively, and branching 
angles α estimated from walnut geometry (orthogonal regression coefficients, confidence intervals at 90% level 
[CI], coefficients of determination [R2], and root mean square of the residual errors [σres]). 

Tree β λ µ α 
Walnut 1.37 0.25 0 20° 

CI 1.25 < β < 1.49 0.22 < λ < 0.29   
R2 0.87 0.74   
σres 0.2 0.008   
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