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MOMENTUM CONSERVATION LAW (reminder; Lesson 2)
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FLOWING NON-VISCOUS FLUID: EULER EQUATIONS
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Different cases: incompressible homogenous fluid: ρ = cste, compressible barotropic flow: ρ = ρ(p),

general ρ = ρ(p, T )



Force exerted by a steady flow of a non-viscous fluid on a motionless body

∫
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R = −
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Requires the far-field behaviour of (ρ, p, u)



Momentum conservation for the one-dimensional approximation
of a flowing non-viscous fluid
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FLOWING NON-VISCOUS FLUID: BERNOULLI THEOREMS

First case

• potential flow: u = grad[φ] (then rot(u) = 0)

• conservative body force: F = −grad[Φ] (for example for the gravity, Φ = −g.x)

• non-viscous fluid
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(i) homogeneous fluid (ρ uniform). Then the flow is incompressible so that ∆φ = 0 and
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(ii) compressible (ρ non-uniform) and barotropic flow
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FLOWING NON-VISCOUS FLUID: BERNOULLI THEOREMS

Second case

• steady flow

• conservative body force: F = −grad[Φ]

• barotropic flow, i.e. ρ = ρ(p)

Then

• trajectories=streamlines. On such a curve, the elementary displacement dx is parallel with u and
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(i) homogeneous fluid (ρ uniform). Then the flow is incompressible and
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(ii) compressible (ρ non-uniform) and barotropic flow
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Two illustrating applications: the Venturi tube and the Torricelli formula



Fluid-fluid interface (liquid-gas or liquid-liquid interface)
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• immiscible fluids

• Σi(t) has its own velocity W

• Henceforth, [[g]] = g(2)− g(1) on the interface

• N unit normal adequately directed depending upon the interface local concavity

and directed from fluid 1 to fluid 2
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• Local mean curvature H

divS(N) = 2H, 2H = 1/R1 + 1/R2



Mass conservation
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• Vanishing thickness h ≪ R

• The interface density ρint negligible

• Immiscible fluids (gas-liquid, liquid-liquid)

• Mass conservation

u1.N = u2.N = W.N on Σi



Momentum conservation
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Surface tension
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• γ ≥ 0 is the interface surface tension (given in N/m)

• Auxiliary mathematical identity∮
C

γtdl =

∫
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{grad
S
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Global and local results∫
Σi

{[[σ]].N + grad
S
[γ]− γdivS(N)N}dS = 0

[[σ]].N + grad
S
[γ]− 2γHN = 0 sur Σi

In summary, at each point on the interface

N.[[σ]].N = 2γH sur Σi

([[σ]].N + grad
S
[γ]) ∧N = 0 on Σi

u1.N = u2.N = W.N on Σi

• With H ≥ 0, N directed from fluid 1 to fluid 2 and [[g]] = g(2)− g(1)

• Comments



Experimental values of the surface tension
versus the temperature
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How to experimentally measure γ?
Examples: Jurin’s law, Wilhelmy’s ring
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